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The analysis based on Rudenberg’s well-known letter of 1951, which has been outlined for
molecules in a preceding contribution, has now been transfered to translational periodic systems in
one, two, or three dimensions. Entitled “On the Three- and Four-Center Integrals in Molecular Quan-
tum Mechanics”, this letter explicitly presents two approximations only for four-center repulsion inte-
grals. When applied to some types of three-center repulsion integrals, however, these two recipes still
imply considerable oversimplifications. Using both one-electron and two-electron routes of Riiden-
berg’s expansion, such shortcomings can be avoided strictly. Starting from a simple “Unrestricted
and Combined” (U&C) approximation scheme introduced elsewhere, an improved “Restricted and
Combined” (R&C) approximation picture for Fock-matrix elements now will be outlined, which does
not tolerate any unnecessary oversimplifications. Although the simplicity of the U&C scheme is lost
in this case, R&C-approximated Fock-matrix elements still can be constructed from one- and two-
center integrals alone in an effective way. Moreover, due to their dependence on a single geometric
parameter, all types of two-center integrals can be calculated in advance for about one hundred fixed
interatomic distances at the desired level of sophistication, and stored once and for all. A cubic spline
algorithm may be taken to interpolate the actual integral value from each precomputed list.

Key words: Unrestricted (and Restricted) Hartree-Fock Crystal Orbitals; Integral Approximations
According to Riidenberg; Extended Hiickel Theory (EHT).

1. Introduction

As in the preceding contribution [1], the main topic
is Rlidenberg’s letter of 1951 [2] with its two truncated
expansions (symbolized by I and I1) of diatomic orbital
products. In particular, we consider their application
to the crystal-orbital extension of Roothaan’s closed-
shell “Restricted Hartree-Fock” theory (RHF) [3] in its
generalized “Unrestricted Hartree-Fock” form (UHF)
of Pople and Nesbet [4].

In analogy to an equivalent molecular orbital
study [5], we have already interpreted the conse-
quences of an “Unrestricted and Combined” use
(U&C) of Ridenberg’s approximations in crystal-
orbital UHF theory [6], apart from any numerical ap-
plication. Within this context, the term “Unrestricted”

indicated that the considered approximations had been
applied irrespectively of the one-, two-, and multi-
index or -center quality of the integrals involved. (Note
that “Unrestricted” in this sense has nothing to do
with the conceptual particularities of the “Unrestricted
Hartree-Fock” picture itself).

The analysis of [6] yielded the following results:

e The U&C use of Riidenberg’s Mulliken-type ap-
proximations [7] (M.U&C) led to a completed un-
derstanding of the Wolfsherg-Helmholz formula [8],
which is a constituent part of the semi-empirical “Ex-
tended Hickel Theory”(EHT) [9].

e Furthermore, an improved Riidenberg-type vari-
ant of M.U&C called R.U&C had been proposed,
which is appropriate for non-empirical computer im-
plementations, since it fulfils the “rotational invariance
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requirement” [10] of all ab-initio quantum chemical
concepts.

e Supposing an orthonormal atomic orbital basis
set, our M.U&C and R.U&C frameworks immediately
converted into two additional “Zero Integral Over-
lap” (Z10) and “Neglect of Diatomic Integral Overlap”
(NDIO) pictures, which are partially identical with the
widely-used ZDO [11] and NDDO [12] approximation
schemes, respectively.

e We concluded in pointing out that all these four
approximations, which are commonly based on the
U&C use of Ridenberg’s ideas, imply considerable
oversimplifications.

In order to overcome such shortcomings, another set
of four “Restricted and Combined” (R&C) concepts
had been sketched. Here, the attribute “Restricted” in-
dicated the avoidance of particular oversimplifications
which is consistent with the corresponding level of ap-
proximation.

In the present article we now intend to work out
this R&C route of Rlidenberg-type approximations for
crystal-orbital theories of Hartree-Fock type. For this
purpose it is convenient, first of all, to write down
the crystal-orbital UHF Fock-matrix representation in
a partitive form which separates explicitly the differ-
ent one-, two-, three-, and four-center interactions from
one another in an appropriate way. In contrast to the
preceding molecular version [1] which also included a
Mulliken-type, a ZIO, and a NDIO section, the present
crystal orbital paper focusses only on the most general
branch according to Riudenberg. It is subdivided into
two parts. While the first part intends to explain, how
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oversimplications generally arise in certain cases of
three-index or three-center repulsion integral approx-
imations, the second subsection specifies the “Re-
stricted and Combined” approximation picture for
Fock-matrix elements. The equations of these second
subsections are constitutive for any forthcoming nu-
merical R.R&C crystal-orbital investigation.

Finally it should be stressed, that such a R&C route
of approximations does not improve the quality of all
multi-index or multi-center integrals, in general [13].
Improvements, however, can be expected from the
fact that conceptual shortcomings of the standard
Rudenberg-picture are minimized in a way, which is
designed to be well-balanced in both attractive and
repulsive energy contributions.

2. Basic Equations

This chapter is in parts identical with the equivalent
one of the R.U&C paper [6]. Leaving out these identi-
cal parts including the Pople-Nesbet equations of crys-
tal orbital theory, we therefore immediately continue
with the formulation of a real-space Fock-matrix rep-
resentation, using notation 2.

2.1. Partitive Real-space Fock-matrix Representations
Using Notation 2

With a second formulation of the three definitions
in ([6] 2.24) we intend to separate explicitly from one
another those terms, which represent four-center and
three-center interactions. Furthermore, both groups
will be isolated from two- or one-center terms.

Introducing the notation NN # OM = (n # 0) V (N # M), we write for the off-blockdiagonal attractive part
Nt Np n 0 n 0 0 n
(Fon) Mqu—22< ) (MN >+<MMN>. (2.1)
_’—’ uoov u TR
nNz£0M ——
pPZOM.nN (0 A0n) ) )
i ) Aon) (M) (N.v)
For the blockdiagonal attractive part we write
Nt Ny 0 0 0
o= 5 5 (wlu )+ (wmn) - 22
p=N-P=1\u v u v
—_———
PP#£0M def

d
éf((1)Aoo)(M,u)(rv1.v)

=(©A00) w40 (M.v)
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For the off-blockdiagonal Coulomb part we write

0
(an)(M,y)(N,v) = Z Z (Ptel)(Taf)(Lﬂ)<M N
— nv

NN=£0M N—— N——
tT+£0M,nN IL£0M,nN,tT
déf((l)COn)(M,u)(N,v)
N+ Nn no(T)nO(T) On|t t
+ Yy (Pgt;)(T.T)(TA,A)(M N|T T)
t=N-T=1 7=1 A=1 uwviti
N——
tT+£0M,nN
def
:((Z)CO) s R
n)(M.u)(N,v) (2.3)
Nt Ny No(T)no(M) On|t O
+ 23 (Pteo)(T,r)(M,A)<M N|T M)
t=N-T=1 1=1 A=1 uvit A
——
tT£0M,nN
d=ef((3)C0n)(M,u)(N,v)
Nt Np no(T)no(N) On|tn
+ 2 2 2 (Ptéa)(TJ)(N,A)<M N|T N> +((0>C0n)(M,u)(N~V)
t=N-T=1 t=1 A=1 wvita
——
tT£0M,nN
E( ) Con) (M) (N.v)
with
def oM no(M) 0nj0o0
0 ¢
OCom)mpny = (P&)(M.T)(M,M(M N | M M)
—_——— =1 A=1 wvi|it i
NN£0M
no(N) no(N) On|nn
+ (Poo) .oy A)(M N | N N> (2.4)
=1 A=1 wvit i
Nno(M) no(N) On|O0n
+ 23 Y (P )(NA)(M N M N>-
=1 A=1 wvit A
For the blockdiagonal Coulomb part we write
c Nt Na Mo(T) Nt Np No(L) 00t |
Fo)mpmy) = 2 (Pﬁ)(T,T)(L¢A)<M M| T L)
t=N-T=1 7=1 [=N-L=1 A=1 uvita
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Nt Ny no(T)no(T 0 0|t t
D
+ (Poo)(-rf)('r,)t) MM|TT
t=N-T=1 7=1 A=1 uvita
——
tT£0M

def
=(@Co0) )My

def
Z(OCo0) m.u)M.v)

For the off-blockdiagonal exchange part we write

E NT Np no(T) Nt Ny no(L) 0 t|n |l
o
(Fon ) vy (Nv) > PHraen| v 1N L
—_— t=N-T=1 7=1 |=N-L=1 =1 wtlva
nN=£0M S—— SN——
tT-£0M,nN IL£OM,nNLtT
def
=(YEG) i v.v)
Nt Np no(T)no(T) 0O t|nt
o
+ 2 2 (Ptt)(T.T)(TAl) MT|NT
t=N-T=1 7=1 A=1 nwrtlva
——
tT£0M,nN
def
:((Z)Egn)(M.u)(N,v)
Nt Np No(T)no(M) 0Ot|noO
104
+ Po)romul M T[N M
t=N-T=1 =1 A=1 utlv A
tT£0M,nN
def
=(VEG) v
Nt Np nNo(T)no(N) O t|nn
(04
+ Pr)romna | v TN N
t=N-T=1 7=1 A=1 uwTlva
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Nt Nn No(M)no(L) 0 0|n |
+ 2 2 2 POHmoen| mm|nt

|I=N-L=1 7=1 A=1 nwTlva

——

IL£0M,nN

=BG myv.v)
’ 2.6)

Nt Np no(N)no(L) 0On|n | .
+ (Pgl)(N,r)(LJL)<M N[N L) +({ )Egn)(M,y)(N,v)
I=N-L=1 7=1 A=1 wrtlva
IL0M,nN
H O i)
with
0 def No(M) no(M) 0 n o0 no(N) no(N) 0On|nn
(YES) My = (P&o) .oy m.a) | ™ m ' N M>+ (P%o) (n,7) N)L)(M N ' N N)
N——— =1 A=1 u tl|lv A =1 A=1 uTlva
NN5£0M
no(M) no(N) 0 0O|lnn no(N) no(M) On|nO
+ Z Z (P6n) MT)(N?L)(M M'N N>+ Z Z (PGn) (m.2) NT)(M N'N M>~
=1 A=1 U tlva =1 A=1 utlv A
(2.7)
For the blockdiagonal exchange part we write
Nt Np No Nt Np No 0ot|o |
Bhnpun- 5 25 5 EF @rown(n o[w)
1 7=1 =N 12=1 utTlv A
H,_/ ——
tT#0M IL#AOM T
def
= (VEG) (o)
Nt No No(T)No(T) 0 t|O0t Nt Ny no(T)no(M) 0t|00
+ (Poo) (r r)(T,/l)(M T|M T>+ > (Pot) w2y r)(M T|M M>
t=N-T=1 7=1 A=1 utTlva t=N-T=1 7=1 A=1 U tTlv oA
tT£0M tT£0M
OB wumy) OB wmumy)
Nt Nn No(L) No(M) 000 I No(M) no(M) 00|00
+ 2 (P&)(M.T)(L,)L)<M M| M L) + (PGo) (M, )M A)(M M| M M>-
I=N-L=121=1 7=1 u tlv a =1 A=1 U tlv A
IL#0M dg((o)EOO)(M.u)(M "

=(FEG) )

It should be stressed once again that the ensemble of partitive formulations of (2.1) ... (2.8) are completely
equivalent to the compact formulations of ([6] 2.24).
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2.2. Approximationsfor Integrals and Fock-matrix
Elements

Since reciprocal-space integrations according to
Ramirez and Béhm [14] have already been described
in the preceding crystal orbital paper, we now turn to
the discussion of an approximation method based on
Riidenberg’s ideas contained in his famous short paper
of 1951 [2] entitled “On the Three- and Four-Center
Integrals in Molecular Quantum Mechanics”. Obvi-
ously, this title suggests that Riidenberg does not rec-
ommend his approximation for all types of two-center
integrals. When applied on certain three-center repul-
sion integrals, however, his recipe still implies consid-
erable oversimplifications, as we shall see, which have
not been discussed explicitly in his contribution. Using
the one- and two-electron routes of Ridenberg’s

(1) {@u(ri—Rwm—Rm)®(ri —Rn— Rn)}[R'MN] :

2 ()

No(M)

>

u'=1

1

m
2 M
u

@“(ri—RM—Rm)CDy/(I’i—RM —Rm)+ Z
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expansion, on the other hand, these shortcomings can
be strictly avoided.

Besides the integral approximations themselves, our
interest is focussed on their effect for the evaluation of
matrix elements occuring in the UHF representation.

3. Approximations of Riidenberg Type

3.1. “Unrestricted” and “ Restricted” Integral
Approximations

In particular, Rudenberg’s approximation intends
to reduce the four-center repulsion integrals to those
of two-center type. According to his letter of 1951,
this aim can be reached in two ways. The first (stan-
dard) approach consists in expanding a differential
two-center one-electron density as follows:

(

(3.1)

no(N) n

m
M
u v

N

!

) @Dv(ri—RN—Rn)cDV/(ri—RN—Rn)}.

vi=1

Alternatively, one can also impose such an expansion on six-dimensional two-center two-electron orbital

products:

(”) {(pﬂ(ri_RM_Rm)(pv(rJ‘—RN—Rn)}[R;\I/IN]

L2 ()

no(M)

>

w=1

1

m
2 M

@ (ri—RmM—Rm) @y (rj—Rm—Rm) + Y,

(3.2)

no(N) n

m
M N

> (Dv(ri—RN—Rn)QDV/(rJ-—RN—Rn)}.
uv

(

vi=1

In a Riidenberg-type treatment of four-center repulsion integrals each of both routes has to be passed twice:

mont I [RynRY 1 (reM) /m n mm;t I\[RH] n(N) /mn nonoto by [RYy]
(I) (MN TL) :E{z (M N><MM TL) +2<M N)(NN TL) }
u vt =1 \u v [T TR vi=l \u v vivizoa

1 no(M) / m n no(T) /t | mm,t t no(L) /t |1 mm, | |
:Z{Z MN)[Z(T L)(MM TT>+ TL>(MM LL)]
w=1 \u v =1 \7 A [TRRTER N A A=1\t A [T TRV RS
no(N) / m n no(T) / t | nn;tt no(L) /t | nn;Il |
+Z<MN>[Z<TL>(NN TT)+ (T L)(NN LL>‘|}’ (3.3)
vi=1 \u v =1 \7 A vVivlio AM=1\ 1 A vivIiaa
mont oI\ RYTRY] 1 [reM) /m t mn;m I\RYy] no(T) /m t tont I\ [RNI
(1) <MN TL) :E{ (MT)(MN ML) + (MT)(TN TL) }
uviti w=1 \u 1 u vy a =1 \u 7 7 ovit
1 no(M) / m t no(N) / n | mn;mn no(L) / n | m |y m |
:Z{ MT>[ (N L>(MN MN>+ (N L)(ML ML>‘|
w=1 \y 7t vi=1 \ v 4 u vy v A'=1\v A w Aty A
no(T) /m t no(N) / n |1 t n;tn no(L) /n | to gt
+ (MT)[ (NL)(TN TN) +Z<N L)(TLTL)]}' (3.4)
=1 \u 7 vi=L \ v A 7ovit v A=1\v A AT A
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Having interchanged n, N and v with t, T and t, respectively, (3.4) equivalently reads

mtn I\ RYGRY 1 (o) /m n mtym IRy no(N)
(1) (MT NL) ::§{2<MN)<MT ML) "’2(
v A w=1 \y v u T

pot woA

m n m m t o( | m |

o) |2 ( )(M ) z(T ) (s

/.I/V / u p"r’ =1 ‘L'/ [Jl/
no(N) / m n t
vi=l \u v ’ vt
a

t

A -

=}

n |
. 3.5
(T}L/> vA”:/lli>‘|} ( )

In addition to these formulas, WhICh are already cont med in Rudenberg s letter, let us consider the three-center

mmj|t | mt|ml
TL)and{mT|mL
T A [JTV)L

repulsion integrals ( M M
(1) Using two one-electron approximations of Riidenberg type, we get

u v
mm it 1\ RywRh mmt |\ [RY]
<MM'T L) ::<MM TL)
T A

uvit i

[
L L)}7 (3.6)
A A

Q= -
N
~_ N—
+
XhAqE
LE
VR
a - —
Sl
N
=X 3
<Z 3

m L\ RyrRA g (no(M) /m

M L) ::E{ (M T)

v A =1 \u 7
m
wi)(
V/

1 no(M) / m t no(M) I mm; mm no(L) / m | m [

:Z{2<MT>[Z L) M M MM)+ ML)(M LL)

w=1\y = vi=1 A u v v AM=1\v A TR TRV ES

no(T) / m t no(M) / m | t tymm no(L) / m | tot |
+Z<MT>[Z<ML)<TT MM)+Z<M L)(TT LL>‘|}’ 3.7)

=1 \u 7 vi=1 \ v A 7orlv v AM=1\v A 7oA A

(1) Using two two-electron approximations of Riidenberg type, we get

mmt |\ RYRI] 1 (no(M) /m t mm;m |\ RG] n(T)/mt tmt 1\ R
(MM TL) ::E Z M T (MM ML) + M T (TM ML)
uv'ita w=1 \py = w vig A =1 \u v 7ovita
1 no(M) / m t no(M) / m | mm;mm no(L) / m | m |l m|
= Z{ M T ) [ M L > ( MM|MM ) + M L ) ( M L|ML )
w=1 \y =z vi=1 \ v A w vy v A'=1 \v A w Atu A
m | t m;tm no(L) / m | toh gt
M )(TM TM)+ (M L)(TL TL>‘|}7 (3.8)
! Toviz A=1\v A T AT A

<< 3
Q- —_
N—
+
> S
e
VN
a - —
Sl
N——
N
= 3
Sl

:31 )ILL)} (3.9)
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Hence, applying Ridenberg’s approximation twice implies an oversimplification of the two-center integral

mmm I\ R mmm I\ Rl
(M MM L) in (3.7) and of (M YREY/ L) in (3.8). Obviously, the formulations of (3.6) and (3.9)
polvoa woviu A

should be preferred, since they use Riidenberg’s recipe only once. While the oversimplifying “unrestricted”
branch of approximation has been discussed comprehensively in [6], we now turn to the corresponding “re-
stricted” route, which avoids such shortcomings.

3.2. “ Restricted and Combined Riidenberg” Approximations (R.R& C) for Fock-matrix Elements

The term * “Restricted and Combined Ridenberg” approximations (R.R&C) * indicates, 1) that both one-
electron and two-electron routes of approximation are combined in the sense outlined in [6], and 2) that in this
subsection we are going to distinguish four-center and three-center interactions from one another and those of
two-center or one-center type. All different types of three-center integrals occuring in (2.1) ... (2.8) will be
treated in such a way that oversimplifications are avoided by applying Riidenberg’s approximations only once.
Furthermore, this time all one- and two-center interactions are considered to be evaluated accurately.

Distinguishing off-blockdiagonal from blockdiagonal matrix elements we define according to ([6] 2.24)

RR&C] . [R.R&C] [R.R&C] [R.R&C]
(an)EM#)('\]‘aV) = (Kon)muynpw) + (Fén)(M,u)(N.v) + (an)(M,u)(N,v) - (Fng)(M,y)(N,v)’ (3.10)
~—_——
nN=£0M
RR&C] . [R.R&C] [R.R&C]
(F80) g = (Koo yaa) - (F80) sy + (FE0) o) — (P88 (- (3.11)
For the off-blockdiagonal attractive part we define according to (2.1)
R.R&C RY]
(Fén)EM,y)(l\]Lv) = ((O)AOn)(M,u)(N,w + ((1>A0n)(M,u)(N,v)' (3.12)
~—_———
nN=£0M
For the off-blockdiagonal Coulomb part we define according to (2.3)
[RR&C] R'R'] [R']
(F6n) (M) () = ((O)COH)(M,/J)(N,V) +( 1>C0n)(M,y)(N,v) +(PCon) M)y
~——
NN5£0M
[RII] [RII]
+2(®Con) vy vv) 20 Con) vy N (3.13)

For the blockdiagonal Coulomb part we define according to (2.5)

RR&C] R']
(F60) (M) (.v) = (V' Co0) vy + (Vo0 vy + (PCo0) vy + 20 Coo) mpyyy - (3:14)

For the off-blockdiagonal exchange part we define according to (2.6)

RR&C] R'R"] R"] R"]
(Fng)(M,u)(N.v) = ((O)Egn)(M.u)(N,v) +(¢ Edn) vy (nv) T ( 2 Edn) vy (nw) T ( 3 Edn) (M) (Nv)
~—— —

NN=£OM

RY RY
+ (VBG) iy ov) * (B8 iy o)+ (B gy - (3.15)
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For the blockdiagonal exchange part we define according to (2.8)
[RR&C] . R
(F8) My (M) = ((O)Ego)(M.u)(M.,v) +(@ )Eoo)( 1)(M,v) ((Z)Ego)(M,p)(M,v)
+(® Edo) M vy + ((S)Ego)(m,u)(m,v)~ (3.16)

Using again the notation nN # OM = (n # 0) vV (N # M), the different quantities occuring in (3.12) ... (3.16) are
defined as follows [15]:

R!] 1 (M) /0 n N+t Np 0 b 0 no(N) /0 n N+t Np n _n
Srafion =3 % (wn) £ % (win) S (un) £ E(300)} 0
— u v p=N-P=1 \ pu u vi=1 u v/ p=N-P=1 v

~—— ~——

=1
nN5£0M g
pP#0M,nN pP+£0M,nN
E(OD M) E(O2 An) wyn.v)
with
Nt Ny /O o 0 0,0 o 0
1.1
(Ao = X 2, (M PM>_<M y M)‘(“ﬂ N M)’ (3.18)
om p=N-P=1\ u " o/ poo TS
(Foo) o) m,u7)
and
NJr Nn n P n n 0 n n n n
1.2
(( )AOH)(M)(N,V’,V): 2 2 (N PN>_<N M N>_<N N N>~ (3.19)
=N-P=1\v " v vy Vil
nN=£0M 2
(FOO)(N‘V/)(N v)
Introducing the abbreviations
no(M) 0 n
def
(QOH )(N,v,v/) = z P(?n 1)(N,v) (M N> (320)
u=1 u v
and
defno(N) 0 n
P def D
(QOn)(M.u,u’)(N)_ 2 (POn)(M,u)(N.v) (M N) (3.21)
v=1 u v
we define:
. RIRI 1 (M) /0 N\ Nf Ny no(T) NY Na Noll) 0 ot IR
(( )COn)(M.u)(N,v) ::Q{ Z (M N) Z Z (Ptel)(T,r)(LA,/l)<M M|T L>
—_— w=1 \ g v/ t=N-T=171=1 |=N-L=1 A=1 wu|toa
N£OM ~——
N~ tT£0M,nN ILA£OM,nN,tT
def RN
(@Con) (v g wry ) | (3.22)

tT£0M,nN IL£0M,nNtT

def R']
=(® )Con)(M)(N v v)
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with
[ Nt Np no(T) NT Ny no(L) 1 no(T) to| 0 0t t
11 ¢
(( >C0n My/J 2 2 2 22 Z(Pﬁ)(T,r)(L,A)E{z;(T L)(MM TT)
=1 1=1 |=N-L=1 =1 =1 \7 1 JTRRTEN A
NN£0M
tT£0M,nN IL£0M NN tT
no(L) / t | ool |
+ (T L) (M M| L L)}
A=1\1 A u | A A
Nt Ny no(T) /0 Ot t
= Z Z Z (M M|T T){((PSS)OO)(TaT)(T,f’)_(PB%)(TT T,7) —(Qm) Tr,r’)_(Qg)(M)(T,T,r’)}
t=N-T=lt =1\ p u' |t 7
——
tT£0M
n(N) /0 O |n n
- 2 (M M| N N){((PGS)OO)(N,T)(N,T’)_Z(Pgb)( (N,7) _(QOH) NT,T’)}
tr=1\pu y |t 7
no(M) /0 0[]0 O
-2 (M VARY M){(Q(?O)(N)(M,r,r’)_(Q(?n)(M,r,r’)(N)}’ (3.23)
=1\ py |t 7
and
. [R'] .
(¢ Z)COH)(M)(N,V’,V) =
NN0M

L
t=N-T=1 7=1 |=N-L=1 A=1 =1 A v/
——— ———
tT£0M,nN IL£OM,nN,tT
Nt Np No(T) 00|t t
= 2 2 2 (N N|T T){((PGS)OO)(T,T)(T,‘C’)_(Pé%)(TT T.7) _(QOt) TT,T’)_(QE)D;)(M)(TJ,T’)}
t=N-T=1l77=1\Vv v |1 7
———
tT #0N
nM) /n n|0 O
- X (N N M M){((PSS)OO)(M,T)(M,T')—Z(PB%)(MJ)(MJ/)—(Q(?n)(M7T7,/>(N)}
t=1\Vv v|t 7
no(N) /0 0[]0 0
- Z (N N|N N){(QB%)(M)(N.T,T’)_(Qgen)(M)(N,r.f’)}‘ (3.24)
T U/=1\Vv v |1t 7
R']
(Co0) (v guywv) 1=

=1 7=1 |=N-L=1 =1
Hf—/ H/—/
tT#0M ILAOM,tT

Nt Np no O(T) 00
-3 3T ( .
u v

=1 1=1 7/=

$EYEEYm (50

tT£0M
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R!) 1 no(M) /0 n Nt Np no(T 0 0|t t
( )COH)(M/J)(NV) ::E{ )Y (M N) 2 2 Tr)(T)L)(M M| T T)
N—— w=1 \yu v =1l7A= uulta
NN-OM
tT£0M,nN
(@) Con)
n(N) /0 n Nt Np no(T) nnjltt
+ 2 (M N) )y (Poo)(Tr>(T/1><N N|T T)} (3.26)
vi=l \u v /) t=N-"T=1lrA=1 vVivi]it A
tT£0M,nN
(2 2)Con) (M)(N.v/ v)
with
Nt Ny No(T) 00t t No(N) 00([nn
(*Con) )8y = DY (Poo)(Tr)(m)(M [T T) - 2 (Py), )(N)L)(M M| N N) 3.27)
t=N-T=17A=1 u |t A T A=1 u T a
NNZ£OM ——
tT£0M
and
22) Nt Np no(T) - 00|t t no(M) . nn|0O
(* Con)mynvv) = )y (Poo) ity N n|T T | )Y (Poo)moymay | N N M | (328)
t=N-T=17,A=1 vViv]ita TA=1 vViv]it a
NNOM ——
tT#ON

@ R 1) S R
(*'Con)muyNy) = 5 (Pot) w71 N T
— t = "t

NN=£0M —
tT£0M,nN

Nt Np No(T)no(M) no(T) / n t 0Ot|to
- Y (Pot) 1) (T.7) (N T) (M TI|T M)} (3:29)
t=N-T=1 =1 A=1 =1 \v 7 utlt A
——
tT£0M,nN
E(E 2)Con) M) (N.v)
with
Nt Nn No(T)no(M) No(N) /0 t On|ino
31 S
(( )COn)(M,ﬂ)(N.v) = 2 (P(c)%)(M,)L)(T,T) (N T) (M N|N M>
t=N-T=1 17=1 A=1 vi=l \ Vv 1 uviv oa
nN5£0M
No(N) no(M) 0On|n O
- (POn)(M )L)(N.T)(M N|N M>
=1 A=1 nwvit A
No(M) ng(M) no(N) /0 n On|n O
- (PE)%)(M 2)(M,T) (M N> (M N|N M) (3:30)
=1 A=1 vi=1 \ 1t v u viv oa
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and
N+ No No(T) no(M) no(T) / 0 't 0t|to
(®2Con) )y = > >, (Po) iy (N T) (M 7T M>
t=N-T=1 7=1 A=1 =1 \v 7 u vt A
nN=O0M ——
tT£0M
No(N) ng(M) 0On|noO
- (Ptc)en)(M.l)(N r)(M N[N M)
=1 A=1 uvit i
No(M) (M) no(M) 0 n 00 00[0O
- (POO)(M,)L)(MT) {(M N>_<M N>}<MM MM>’ (3.31)
=1 A=1 =1 v v v v utTlt A
RI 1 Nt Np No(T)no(N) no(M) / 0 t 0n|0n
(()COn)(Mu)(Nv)3:§{Z (Ptn) (T,1)(NA) )y (M T><MN MN)
—_— t=N-T=1 7=1 A=1 w=1\y = woviu a
nNZOM
{T£0M,nN
La(C )Con) (M) (N.v)
NT  Nn No(T)no(N) no(T) / 0 t t n|tn
+ > (PR)roma (M T)(TN TN)} (3.32)
t=N-T=1 =1 A=1 =1 \pu v T vt A
——
tT#£0M,nN
with d:ef((4 2)COn)(M 1) (N,v)
Nt Np no(T)no(N) no(M) / 0 t 0n|0n
4.1 d
(( )COn)(M#)(N,v) = 2 (P(c)%)(N,)L)(T.T) M T) (M N|M N)
t=N-T=1 =1 2A=1 w=1\y = wovig a
nN=0M
no(N) no(N) (M) / 0 n On|O0n
- (POO)(N,T)(NA) (M N) (M N|M N)
=1 A=1 =1\ = wovipg A
no(M) no(N) 0 n|0On
- (Pon) M,z )L)(M N | M N) (3.33)
=1 A=1 wvit A
and
Nt Np No(T)no(N) no(T) /0 t t 0]t O
(“PCon) .y (nw) = )y (Pot) (N2 (T.7) (M T) (T N|T N)
t=N-T=1 1=1 A=1 =1 \u v vt h
nN=0M
tT£ON
no(N) No(N) no(N) 0 n 00 00|00
- (POO)(NT)(N)L)Z{<M N>_<M N>}<NN NN)
=1 A=1 = u T u T 7 vt A
no(M) no(N) 0n|0On
- (Pon) T)(N,)L)(M N| M N) (3.34)
=1 A=1 wvit A
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Introducing the abbreviations

defno(M) 0 n
Q&) vy = 2 (P& vy ) (M N) (3.35)
u=1 u v
and
defno(N) 0 n
o
Q&) My = 2 Po) v | M (3.36)
v=1 u v
we define: :
[R”R”] 1 No(M) 0 n Nt Np No(T) Nt Np no(L) ot|o I\I[RmL
1 .
(WEG) M) iny) -:z{ > (M N) D (Pﬁ)(T.T)(LA)<M Tl M L)
—_— wW=1 \py' v/ t=N-T=11=1 |=N-L=1 A=l wot | A
NN-£OM
tT#£0M,nN IL£OM NN T
e rmRl
d f((l 1)E8‘n)£Mi”1)(N) (3 37)
(N /0 N\ N* No fo(T) Nt No No(L) notn 1y R '
+ 2 (M N> (Pﬁ)(Tﬂ(Lx)(NT NL> }
V=1 \u v/ t=N-T=1L 1=1 |=N-L=1 A=1 vVitlv i
—— ——
tT£0M,NN ILAOM NN ,tT
dZEf((l‘Z)Egn)[(F:/Il;](N,v’.v)
with -
11 R
(‘ )Egn)('\/w,u’)(N) -
NN=£0M
N* Np Mo(T) N+ Ny No(L) 1 (MM 7t 0 t]oO0 t no(L) / t | 01|01l
(Pﬁ‘)(T,T)(m)X—{Z (T L)(M T M T>+2 (T L)(M L wm L)}
t=N-T=1 t=1 |=N-L=1 A=1 =1 \7 1 w oty 7 A=1\1 A w A yoa
—— ——
tT#£0M,nN IL£0M, NNt T

0

1
M T ) {5 [((P*S)o0) 017,01+ (P*S)oo) .21 1.5) | — (o) oy .o
u

1 1
3 [(Q&)(N)(T,m/) + (Q&)(N)(T;/;)} 5 [(Q&)(M)(T,T,ﬂ) + (Q&)(M)(T,fgr)] }

n(N) /0 n| 0 n 1
- (M N | M N){5{((Pas)oo)(m,r)(r\l,r/)+((Pa3)oo)(N,r/)(N,1)] (3.38)
TU=1\u |y v
104 1 o o
—2(Poo) Ny~ 5 [(QOH)(M)(N,‘:J’) + (QOn)(M)(N,r’,T)} }
no(M) /0 0|0 0\ (4 1
- X (M M| M M){z[(ng)(N)(M.T,T’)+(Q8‘O)(N)(M.T’,T)} _z{(an)(M.T,r’)(N)+(Q8(n>(M,r’,‘r)(N)}}
tU=1\u 7| 7
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and -
R
( l'Z)Egn)(M)(N,v’,v) =

NN=£OM

Nn

S8 28 T {E () (5

R/—/ R/—/
tT£0M,nN ILAOM,nN,tT

535 (4,

1TT/ !

t

0

1
N ) {§ [((P*S)00) r.eym. + (P*S)oo) .2 0)| — (PEO) ooy
2%

Ao

tT£ON

1 1
3 [(Q&)(N)(T,T.T’) + (Q&)(N)(T,rzr)] ) [(Q&)(M)(T,LT’) + (Q&)(M)(T,T’,r)} }

No(M) n 0|n O 1
- Z (N M| N M){§[((Pas)oo)(M,r)(M,r’>+((Pas)00)(M,r’)(MJ)]
t=1\Vv t|v 7
o 1 o a
—2(Po)m.om) ~ 5 [(Qon)(M.T,T’)(N) + (QOn)(M,r’J)(N)] (3:39)
no(N) /0 0[]0 0\ (4 1
-2 (N N | N N){E{(ng)(M)(N,r,r’)+(ng)(M)(N,r’,r)] _E[(an)(M)(N,r,r’)+(an)(M)(N,r’,T)]}‘
t/=1\Vv t|v 7
[R“] ]
(VEG0) gy ) =
Nt Ny No(T) Nt Np no(L 1 no(T) / t | 0 t|Ot no(L) / t | o |0l
EEE RSN ennan 3T (1) (aelw ) 2 () (e )}
=1 1=1|=N- A=1 =1\t A urtl|lv t AM=1\1 A uAlv a
Hf—/ H/—/
£T£0M ILAOM T

=X 22 X

0t
1
t=N-T=1 1=1 7/=1 MT ) {E [((Pas)oo)(va)(TJ') + ((PaS)OO)(TJ/)(TJ)}
= - = — T:
—— v

Nt Np ”0(T)n0(T)<
tT#0M =724 1 a & 3.40
— OO)(T.T)(TA,T’)_E[(QOI)(M)(T,T.,T’)+(Q0t)(M)(T,T’71:)] : (3.40)
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) R 1 [Po(M) /0 1 Nt Ny no(T) 0t|ot
(PEG) ) - 5{ > (M N) 2 2 > (P& Tl)(M T| M T)
w=1 \y v T,A=1 u Tty 2
N#£OM
N~ tT£0M,nN
def
= (BVEG) v
n(N) /0 n Nt Ny No(T) ntlnt (3.41)
+Z<M N)ZZ (Pgo) Tr(T/l)(NT NT)}’
vi=l \u v 1A= vVit|v A
{T£0M,nN
d=ef((z'z)Egn)(M)(N,vhv)
with
Nt Ny no(T) 0 t|O0t no(N) 0n|0n
2.1
(PYEG) Mpunn) = 2 2 >, (P%) Tf)(Tl)(M 7| M T>_ 2 (P r)(N,A)(M N[ M N>» (3.42)
t=N-T=171=1 u Tty a T,A=1 [T A TS
NN ey
and
Nt Ny no(T) 0 t]O0t no(M) n 0|nO
2.2
(¢ )Egn)(M)(N,v’,v): > (POO)(TT)(T,)L)<N TN T) -2 (Pgo)(M.T)(M,l)< N M ([N M>- (3.43)
t=N-T=171=1 vVit|lv A TA=1 Vit v A
PN ooy
* Np No(T)no(M) no(N) / n t 0On|no
3 R"] 1)K
( )Eg”)(""#)('\‘v") T2 t=N-T=1 7=1 A-1 Pw)ro S\ DT A R
= = =, = = vV T \% \%
nN=£0M —— g
{T£0M,nN
déf((S.l)Egn)( JNW) 244
N+ Nn No(T)no(M) no(T) / n t 0Ot|t o (3.44)
+ Y (P& m.a)yTo) X (N T) (M T[T M }
t=N-T=1 7=1 A=1 =1 \v 7 T B S
tT£0M,nN
EEDEE) ppn)
with
Nt N No(T)no(M) no(N) / 0t 0 njino
31
(‘ )Egn)(M,u)(N.v) = TZl ) (PG m.2)(T ) Zl ( N T) (M N | N l\/{|>
t=N-T=1 1= = V= Vi1 u viv
NNZOM
no(N) no(M) 0nfno
- (Pon) (mM.a)(N 1)<M N| N M) (3.45)
=1 A=1 uwrt|lv A
No(M) no(M) n(N) /0 n On|no
- (Poo) (m,2)m,7) (M N) (M N[N M)
=1 A=1 vi=l \t Vv uviva
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and
- Nt Nn No(T)no(M) no(T) / 0 t 0Ot|t o
((')Egn)(m,y)(N,v): Z Z Z Z (P& (M,A)(T,7) Z N T MT|TM
t=N-T=1 7=1 A=1 =1 \v 7 u |t A
PNZOM v
No(N) no(M) On|noO
3.46
- (POn)(M,)L)(Nr)<M N[N M) 548
=1 A=1 utlv A
No(M) No(M) No(M) 0 n 00 00|00
- (P%o) (m.2)(m7) {(M N>_<M N)}(MM MM>~
=1 A=1 =1 T v T v u t|7 A
4 R 1 N* Np no(T)no(N) no(M) / 0 't 0 0f|nmn
(“EGn) (M) (N.v) 525{ (Pt (10,2 (M T) (M M | N N)
—_—— t=N-T=1 7=1 A=1 w=1 \u = u v a
oM tT£0M,nN
def
= (VG v
N+ Nn No(T)no(N) no(T) / 0 t t t|nn (3.47)
+2 2 (P%)(T.r)(N,)L)Z (M T)(TT NN)}
t=N-T=1 7=1 2A=1 =1 \u 7 7 ot|lv A
tT£0M,nN
def((A'z)EOn)(M,u)(N v
with
Nt Nn No(T)no(N) no(M) 0t 0 O|nn
4.1
(¢ )Egn)(M,u)(N.v) = (P& e (M T) (M M| N N>
t=N-T=1 7=1 A=1 w=1\p = uplva
NN=£0M
no(N) no(N) no(M) / 0 n 0 O|nn
- (POO)(N,T)(N 2) (M N) (M M| N N) (3.48)
=1 A=1 w=1 \u 7t u v a
no(M) no(N) 0 0O|nn
- (P6n) (m r)(N,m(M M| N N)
=1 A=1 u t|lva
and
22) N*  Nn No(T)no(N) no(T) / 0 t t t|0O0
. o o
(( EOn)(M#)(N,v) = Z z (POt)(N,/l)(T,r) M T TT|INN
t=N-T=1 7=1 A=1 =1 \u 7 v ot|v A
oM o
No(N) no(N) No(N) 0 n 00 00|00
3.49
- (Poo)(Nr)(N)L) {(M N>_<M N)}(NN NN) (3.49)
=1 1=1 =1 u v u v T or|v A
no(M) no(N) 0 0|nn
- (Pon) v r)(Nm(M M| N N>~
=1 A=1 wTlva
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[RI] Nn ( (L) no(N) n | 0 O|lnn
5
(()Egn)(M.u)(Nv = { > 2 > (P moyr) 2 (N L) (M M| N N)
—_— I=N-L=1 7=1 A=1 vi=1 \ v 4 u t|vy
AN520M
IL£0M.nN
def
:((5.1)E n) . v
on) (M) (N.v) (3.50)
Nt Nn No(M)no(L) (L) /n | 001 |
+ > (P& ve) L) 2 (N L)(MM L L>}

I=N-L=1 7=1 A=1 AM=1\v A u tla A

——

IL£0M.nN

def((sAZ)EOH)(M#)(N v
with
Nt N no(M)no(L) no(N) / 0 | 0 0O|n n
5.1
(¢ )Egn)(M,ﬂ)(N.v) = (PG) M.y L2 (N L> (M M| N N>
I=N-L=1 1t=1 2A=1 vi=1 \ v 1 u t|v v

AN5£0M
no(M) no(N) 0 0|nn
- (P6n) (m,7)(n A)(M M| N N) (3:51)
=1 A=1 u t|lva
No(M) no(M) no(N) /0 n 0 0|nn
- (Poo) (M, 1) m.1) (M N)(MM NN)
=1 A=1 vi=1 \ A Vv wtlv v
and
52) Nt Nn No(M)no(L) no(L) /0 | 001 I
. o (04
(¢ B MmNy = 2 (PG (.5 L2 N L MM|L L
I=N-L=1 7=1 A=1 A=1 \v A u t|Aa
nN=£0M ——
IL£0M
no(M) no(N) 0 0|nn
3.52
- (Pgn)(M,r)(N,l)<M M| N N) (3.52)
=1 A=1 wTtlva
No(M) No(M) no(M) n 00 00[0 O
- (Poo) (M, 1) m.1) {(M N>_<M N)}(MM MM)'
=1 A=1 A=1 Ay A u t|A A
opa R _1f L Sl e R R
(PEon) My (Nv) = (PR (o)L ML)l MN|INM
2
N——— I=N-L=1 7=1 A=1 w=1 \py A u tlv oy
AN5£0M
IL£OM NN
def
=(CVEG) )
N Ny Mo(N)no(L) no(L) /0 | Lonjn | (353)
+ D (Pad o)) (M L)(LN NL)}
|=n-L=1 =1 A=1 A=1\u A AMotlv A
———
IL£0M,NN
def((ez)EOn)(M,u)( )
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with
((6'1)E8€n)(M,y)(N,v
nN=£0M

and

((G'Z)Egnwmm.v)

NN=£0M

) Mo

Zé

No(N) no(M)
Z Z (PGn) (m.2)(N,2)

4. Real-space L attice Summations I ncluding
L ong-range Interactions

4.1. Long-range Correction of the Fock Matrix

We now return to the problem mentioned above in
connection with ([6] 2.19) and ([6] 2.20) concerning
real-space lattice sums. With respect to ([6] 2.19), the
choice of unit-cell numbers Na, Ny, and N, which gov-
erns the expense of real-space lattice summations in
general, can be kept small, since the matrices (Sgn)
decay rather quickly with increasing intercellular dis-
tances |Ro — Rp| . The Fock-matrix representation of
([6] 2.20), on the other hand, contains long-ranging
two-center integrals of Coulomb type. For large inter-
nuclear distances these Coulomb-type attraction and
repulsion integrals can be identified approximately
with classical Coulomb interaction energies:

0. 0
t .
TR TRV

tt

——Z71|Rw — [RT —Ry]| orallu, (4.1)

) = |Rm — [Rr —Ry]| * forall u, 7.

(4.2)

585

(3.54)

Assuming that all integrals except those of (4.1) and
(4.2) have decayed sufficiently, if

(SO{N;,O,O}) ~ (SO{O,thO})
~ (Sop0oney) 0,

we additionally have to specify the following long-
range corrections. Using the atomic charge definition
for a locally orthonormalized basis set

(4.3)

no(M)

2, (Poo) oy

u=1

def

Ov = Zv — (4.9)

we distinguish two off-diagonal cases and the diagonal
one. For the diatomic off-diagonal case we write

Fil ) (K) 1=

N-£M

N+
Y exp(i[k®nalal + KPnp|b| + kCnC|C|])(an)(M,p)(N.v)
n=N—

+ Fivt v (K) = Fitoy vy (K)- (4.5)
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From the (2.1) ... (2.8) we pick out all long-range terms and collect them in F(/GOL)(N.v)(k):

+oo 0O O0O|nn
o def :
Fivo vy (K) =-> eXp('[kana\a|+kbnb|b\+kch|C|])(Pgn)(M,u)(N.v) (M M| N N> : (4.6)
N / N=—co uou vV Vv oo
N#M ~— —————

Z=|RM—[RN—Rn”’1
Using ([6] 2.25), we rewrite

(P& () = ///exp { =i [K3nafal + KPno|b] +Kenelcf] PR, .0, (K)AK2dKPAKS. (4.7)
Inserting (4.7) into (4.6) we get
) . Vd o a b b c C
oK)= —ra [ | | 2 exn{il0e—K®)nalal + (K~ Kolol + (K ~K“)nele]
——— N=—oco
N£M
x P/% k")dk@dkPdk|Rp — [Rn — Rn]| %
M) (K) [Rm — [Rn — Ru| @)
foo . )
= P (0 Y exp (|[kana\a|+k nb|b\+k°nc|c|]> IRm — [Rn — Rn]| 2
N=—oco

F(’,\‘jl‘f#)(N.v)(k) represents the sum of those classical contributions which had already been included non-
classically:

Fiae o (k) & — 2 exp( kana\a|+kbnb|b\+k°nc|c|]> (P& (. ) |RM — Ry — Rl 1 (4.9)
%/—/ n=N—
N£M

or according to (4.8)

N+
F(/l\(jlu,)u)(N.v)(k) = —P{&.#)(Nﬁv)(O) Y exp (i[kana\a| + KPny|b| + k°nc|c|]) X |Rm — [Rn—Rn]| 7. (4.10)
—_———— n=N~—

N#£M

For the one-center off-diagonal case we simply get

N+
F(/ISIC,“)(M,V)(I() = D, exp (i [knalal + K°np|b| +kCnC\C|]> (F6n) M,y (M) - (4.11)
—————— n=N—

VEU
For the diagonal elements we define

N+

F(/&7“)(M7#)(k) = n_th exp (i [K*nalal + kbnb\b| + kCnC|c|]> X (FS‘n)(M#)(M#) + Ffﬁﬂ,u)(M,u) - F&#)(Mu)' (4.12)

Again, from the (2.1) ... (2.8) we pick out all long-range terms and collect them in F(°,§’,| W (M)

et too Nn 0.0 no(T) 00|t t
Fvwmn = 2 2{ (MTM> +2(P§o)(T,r)(T,1)<MM TT) }
t=—o0T=1 u U/ o 7=1 U ultT17/)e
— -
tT#OM ::—ZT|RM_[RT—Rt]|7l ::ZTiqT ::‘RM*[RT*Rt”il (4 13)
400 Np .
=Y Y (-ap)Rm—[Rr—RJ|™t forall u.
t=—eoT—1
———

tT£0M



W. Koch et al. - On the Restricted and Combined Use of Riidenberg’s Approximations 587
Correspondingly, we write

NJr n
° df
S 2 2 —qr)|Rv— [RT—Ry]|™t  forall . (4.14)

H/—’
tT40M
Following Ramirez and Bohm [14], (4.13) can be interpreted as follows : For large internuclear distances each
non-zero Fock-matrix element F( ML) (M belonglng to an atom M represents the Madelung potential of an
electronic point charge at the center M of the reference cell. Such Madelung potentials can be evaluated using

Ewald-summation techniques [16].
Off-diagonal contributions, however, which stem from long-range exchange interactions, have no classical

counterpart in our description. Since the infinite sums of (4.6) are only conditionally convergent, their evaluation
causes severe problems in solid-state Hartree-Fock theories [17]. Numerous techniques and recipes have been
proposed to overcome such difficulties (cf. [18] and references therein).

4.2. Long-range Correction of the Total Energy per Unit Cell

Finally, we discuss real-space lattice summations in the computation of the total energy per unit cell:

1
& =3 MDD {(PE)Bn)(M W(NV) (Kon)(M,y)(N,v)+(F8\n)(M.u)(N,v)}
M=1 pu=1 n=N-N=1 v=1
+ (Pon) () (M) (FOn) My vv) + (Pgn)(M,y)(N,v)(an)(M,y)(N,v)}
Nn Nt Nn (4.15)

1 _
+E Zm Z ZZN‘RM—[RN_RnH 1+£to<)_gto.
M=1 n=N—-N=1
——

NN=£0M

defe
According to ([6] 2.24) we can also write

)
{ P(?n)( M,u)(N,v) Z(Kon)(M w)(N,v) +2(F0n)(M 1)(N,v) (FOn)(M w)(N, v)]

1 Nn No(M) Nt Np no(N
138N
(4.16)
5 pE
= (P& o 4 (PO s v = (Pl v PO o)
+(€n+(€tw—(€to-

As before, we pick out all long-range terms from £, and (2.1) ... (2.8), and collect them in &t :

defl = W o ) T % °n °
ZZM Y S Zu|Ru—[Rn—Ra Z Z Pood gy 2 2 | My u
M=1  n=—eeN=1 M=1 p=1 n=—coN=1 T ™

nN7:0M =(Zm—am) MNZOM = —Zyy|Rm~[Rn—Ra]| 2
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1 Nn No(M) +oo  Np No(N 00 n
D)
522 OOMuMpZZZP (NVI(Nv) Y M M| NN
M=1 u=1 N=—eoN=1 v= L ulvv/e
N—— ———
=(Zm—qm) nN#0M =(Zn—an) :=|Rm—[Rn—Rn]| 2
anno +oo  Np No(N 0 0O|nn
323 £ 38 o (wulu)
Mlulnfwal= nwulvyv/e
—— ————
nN7OM i=|Rm—[RN—Rn]| 2
1 Mo MNo(M) oo Nn No(N) 5 0 0fnmn (4.17)
) Z Z Z (POn)(M,m(N, yILMM|INN
M=1 p=1 n=—eeN=1 v=1 wplvv/e
MNZOM =IRm—[Ry—Rn]| 2
1 Nn +eo Ny 1
:Equ > Y aulRm—[Rn —Ra]| T +& o>
M=1 n=—eeN=1
——
NN=£0M
def eM
where (M) ()
& def S ”‘ 5.2
et _ 2 Rw — [Rn — Ru] [P +(PBYy
len;mgl n uzz,l \Z, On/(M,u)(N,v) On/(M,u)(N,v) (4.18)
N——
NN=£0M
and
def 1 L
o = = 2 am 2 ZQN|RM— [Rn—Rn]| T +EE
(4.19)
NN£0M
def oM
with M) o)
Nn Nt N no M) no(N
& def 1 R _ o \2 B 2
e m— [Rn =R [GS + (PG .
22 X 2 El Z [P o+ Pon)won) (4.20)
NN£0M
Again, &M is the Madelung energy of a crystalline sys-  can be extended to a related quantum chemical solid-

tem with point charges qu at Rv and gy at (Rn — Rnp).
It can also be evaluated by means of Ewald-summation
techniques [16]. How the infinite sum of (4.18) can
be treated, which arises from long-range off-diagonal
exchange contributions, is again a hard problem of
any ab-initio solid-state theory of Hartree-Fock type
(cf. [18] and references therein) [19].

5. Concluding Remarks

The present contribution shows that the insights of
the preceding paper obtained for the molecular case [1]

state formalism.

For practical purposes, we here are particularly in-
terested in the R.R&C branch which requires a com-
putational procedure for the accurate evaluation of all
two-center integrals.

Due to their dependence on a single geometric pa-
rameter, all types of two-center integrals can be cal-
culated in advance for about one hundred fixed in-
teratomic distances at the desired level of sophistica-
tion [20] and stored once and for all. A cubic spline
algorithm [21] may be taken to interpolate the actual



W. Koch et al. - On the Restricted and Combined Use of Riidenberg’s Approximations

integral value from each precomputed list. Such tech-
niques, particularly appropriate for minimal basis sets,
have been incorporated in a non-empirical crystal or-
bital procedure based on Riidenberg’s ideas.
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